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The initiation and growth of necks in polymer tubes subjected to rapidly increasing internal pressure is analyzed numer-
ically. Plane strain conditions are assumed to prevail in the axial direction. The polymer is characterized by a ﬁnite strain
elastic–viscoplastic constitutive relation and the calculations are carried out using a dynamic ﬁnite element program.
Numerical results for neck development are illustrated and discussed for tubes of various thicknesses. The sensitivity to
the wave number of the thickness imperfections is studied with a focus on comparing a long wave length imperfection
and a short wave length imperfection. After some thinning down at the necks, the mode of deformation switches to neck
propagation along the circumference of the tube. A case is shown in which the necks have propagated along the entire tube
wall, so that network locking in the polymer results in high stiﬀness against further expansion of the tube. The rate depen-
dence of the necking behavior gives noticeable diﬀerences in neck development for slow loading versus fast loading.
 2007 Elsevier Ltd. All rights reserved.
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For thin metal rings expanded very rapidly by electromagnetic loading Niordson (1965) has observed many
necks around the circumference. Analyses of such dynamical necking in rings triggered by sinusoidal thickness
imperfections have been carried out numerically by Han and Tvergaard (1995), Tu˘gcu (1996), and Sørensen
and Freund (2000). In these numerical studies the necking is initiated at the thin points along the circumfer-
ence resulting in continued necking down to a point as is typical in metals. The analyses have shown neck
development following a short wave length necking pattern even when there is only a long wavelength thick-
ness imperfection along the circumference. This is emphasized in Tu˘gcu (1996) where a mode shape with a
shorter wave length develops sooner than the one with a longer wavelength and exhibits more pronounced
neck formation. A recent very detailed experimental investigation of the multiple neck phenomenon in rapidly0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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(Zhang and Ravi-Chandar, 2006).
In cases where the specimen is made of a polymer material a somewhat diﬀerent necking behavior is
observed, characterized by a limited amount of thinning followed by neck propagation along the specimen.
This has been investigated experimentally by G’Sell and Jonas (1979) and Marquez-Lucero et al. (1989)
who found that a neck localizes at some region of the material and then propagates along the length of a ten-
sile test specimen. It was observed that the onset of necking takes place very near the local load maximum that
occurs in the polymer just before softening initiates whereas the continued elongation of the specimen accom-
panying neck propagation occurs under essentially constant load. When the neck propagation is complete
with the neck covering the entire specimen a load increase was observed due to the material hardening in
the elongated neck. A theoretical study of neck propagation has been carried out by Hutchinson and Neale
(1983). In a numerical investigation, Neale and Tu˘gcu (1985) have shown the initiation of necking for circular
cylindrical tensile specimens followed by neck propagation around the thin points where the onset of necking
occurred.
In the present paper the necking behavior of polymer tubes under dynamic pressure loading is analyzed
numerically where the constitutive relation is an incremental elastic–viscoplastic law, used in Tvergaard
and Needleman (2007), adopted from Wu and Van der Giessen (1996) and also Boyce et al. (1988), Boyce
and Arruda (1990), Arruda and Boyce (1993), Mulliken and Boyce (2006). It is assumed that nonlinear elastic
eﬀects can be ignored so that the elastic part is taken to be linear. The ﬁnite element analysis is based on a full
three dimensional implementation for which plane strain conditions are enforced in this particular case. In a
real tube inﬂation leads to bulging followed by necking, but the plane strain idealization considered here
allows the implications of a polymer-like increasing–decreasing–increasing stress–strain response for the neck-
ing behavior to be studied. A sinusoidal initial thickness imperfection along the tube circumference is used to
trigger the onset of necking. The material parameters used are representative of a polycarbonate for which
experimental compression curves are given in Mulliken and Boyce (2006).
2. Problem formulation
The ﬁnite element calculations are carried out using a convected coordinate Lagrangian formulation. All
ﬁeld quantities are considered to be functions of convected coordinates, yi, and time, t. The dynamic principle
of virtual work is written asZ
V
sijdEij dV ¼
Z
S
T idui dS
Z
V
q
o2ui
ot2
dui dV ð1ÞwithT i ¼ ðsij þ skjui;kÞmj ð2Þ
Eij ¼ 1
2
ðui;j þ uj;i þ uk;iuk;jÞ ð3Þwhere V and S are the volume and surface of the body in the reference conﬁguration, and ( ),i denotes covar-
iant diﬀerentiation in the reference frame. Also, sij are the contravariant components of Kirchhoﬀ stress on the
deformed convected coordinate net (sij = Jrij, with rij being the contravariant components of the Cauchy or
true stress and J the ratio of current to reference volume), mj and uj are the covariant components of the ref-
erence surface normal and displacement vectors, respectively, and q is the mass density.
Two polymer tubes are analyzed; a thin one and a thick one. The thin tube has initial wall thickness
h0 = 0.002 m and initial mean radius R0 = 0.051 m whereas the thick tube has initial wall thickness
h0 = 0.01 m and initial mean radius R0 = 0.055 m. The numerical calculations are carried out for plane strain
deformations in the axial direction of the tubes. An internal pressure p increasing linearly with respect to time t
is applied on the inner surface of the tubes. The corresponding components of the nominal traction vector Ti
on the reference base vectors are given byT i ¼ pairnr for fðy1Þ2 þ ðy2Þ2g1=2 ¼ R0  h0=2þ Dh0 ð4Þ
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2
eijkelmrðgjl þ uj;lÞðgkm þ uk;mÞ ð5Þwith eijk as the alternating tensor and nr as the normal to the inner surface in the reference coordinate system
(Sewell, 1965).
An initial sinusoidal thickness imperfection Dh0 which is similar to that used by Han and Tvergaard (1995)
is imposed on both the inner and the outer surfaces of the tube in order to trigger the onset of necking so that
the initial wall thickness is h0 + 2Dh0. With the initial mean thickness h0 of the tubeDh0 ¼ h0nn cos
nph
h0
 
ð6Þwhere h is deﬁned in Fig. 1 and the thickness inhomogeneity is speciﬁed through the amplitude nn. Symmetry
about the planes h = 0 and h = p/2 is assumed here so that analyses need only be carried out for a 90
segment of the tube circumference with symmetry boundary conditions applied. Therefore, the parameter
value h0 = p/2 is chosen.
In the results to be shown subsequently the overall deformation level of the tube is speciﬁed either in terms
of the relative volume change DV/V0 where V0 is the initial volume inside the tube and DV is current volume
change, or in terms of the average logarithmic hoop strain on the inner surface given byeav ¼ ln RiRi0
 
ð7ÞHere Ri0 is initial inner radius of the tube cross section with no imperfection and Ri is calculated as the average
inner radius based on current volumeV, if the cross section of the tube remained circular during deformation, i.e.,Ri ¼
ﬃﬃﬃﬃﬃ
V
pL
r
ð8Þwhere L is the length of the tube.
Although only plane strain calculations are carried out, the ﬁnite element code is based on a full three
dimensional implementation. The plane strain condition is met by using one element in the out-of-plane direc-
tion and enforcing a zero displacement condition on the out-of-plane faces. Twenty node brick elements are
used with eight point integration for the force term, the left hand side of Eq. (1), and 27 point integration for
the mass matrix, the last term on the right hand side of Eq. (1). A lumped mass matrix is used, Krieg and Key
(1973), and time integration is carried out using the Newmark b-method with b = 0, Belytschko et al. (1976).
2.1. Constitutive relation
The constitutive relation used in the calculations is that in Tvergaard and Needleman (2007) and is adopted
from Wu and Van der Giessen (1996) which, in turn, is based on models proposed by Boyce and co-workersθ
θ h
y
y
0
0
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1
2
O
ig. 1. A segment of a tube specimen speciﬁed by the initial mean radius R0, the initial mean thickness h0 and the angle h0.
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Tvergaard and Needleman (2007), attention is conﬁned to an eight chain model, Arruda and Boyce (1993).
The elastic part of the response is taken to be governed by a linear hypoelastic relation so that nonlinear elastic
eﬀects are neglected. Furthermore, the distinction between the Cauchy stress r and the Kirchhoﬀ stress s is
ignored.
The rate of deformation tensor is written asD ¼ De þDp ð9Þ
whereDe ¼ L1  r^ ð10Þ
with L, the isotropic tensor of moduli with elastic constants Young’s modulus E and Poisson’s ratio m andDp ¼ _cpp ð11Þ
with_cp ¼ _c0 exp DGkT 1
s
s aðtrrÞ=3
 m  
 _c0 exp DGkT
 
ð12ÞHere, m, _c0, DG, and a are material constants, T is the temperature (Kelvin) and k is Boltzmann’s constant
k = 1.38 J/K. The last term in Eq. (12) is included so that _cp ¼ 0 when s = 0. Also,p ¼ r
0  b0ﬃﬃﬃ
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ð13Þwith ( ) 0 denoting deviatoric quantities.
The hardness s in Eq. (12) is taken to have the initial value s0 and to evolve as_s ¼ h 1 s
sss
 
_cp ð14Þwith h and sss material constants.
For the eight chain model, Arruda and Boyce (1993),b ¼ 1
3
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B ð15Þwhere B = F Æ FT, (F is the deformation gradient), CR and
ﬃﬃﬃﬃ
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are speciﬁed material constants andk2c ¼
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ð16ÞwithLðxÞ ¼ cothðxÞ  1
x
ð17ÞStandard kinematical relations are used to obtain an expression for the convected rate of the contravariant
components of Kirchhoﬀ stress appearing in the principle of virtual work Eq. (1). In order to increase the
stable time step while still using an explicit stress update, the rate tangent approach of Peirce et al. (1984)
is used. Also, when kc approaches the limit stretch kmax ¼
ﬃﬃﬃﬃ
N
p
, the hardening rate provided by the in-
creased network stiﬀness grows very large, thus eﬀectively suppressing all further plastic ﬂow. As in Lai
and Van der Giessen (1997), we disable viscoplastic ﬂow ( _cp ¼ 0) when kc exceeds rkmax, and here choose
r = 0.93.
In the numerical analyses the time step Dt is controlled so that the plastic strain increment _cpDt never
exceeds a speciﬁed value Dc, which is generally taken to be Dc = 0.000004.
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Calculations are carried out for material properties representative of polycarbonate (PC) with Young’s
modulus E = 1814.6 MPa, m = 0.38, density q = 1300 kg/m3, temperature T = 298 K, DG = 0.374 · 1018 J,
_c0 ¼ 0:894 104 s1, m = 0.20, Cr = 12.6 MPa, N = 2.30 and the softening parameters a = 0.08,
s0 = 81.65 MPa, sss = 22.71 MPa, h = 50.0 MPa.
First a thin walled (h0 = 0.002 m) tube is analyzed with h0/R0 = 0.0392. Here the thickness inhomogeneity,
Eq. (6) is speciﬁed by the wave number n = 5 and the amplitude n5 = 0.001. Fig. 2 shows the evolution of the
three necks that initiate in the segment analyzed due to the chosen imperfection and the corresponding con-
tours of plastic strain cp. The calculations are carried out for a ﬁnite element mesh consisting of two elements
through the thickness and 160 elements along the circumference. From Fig. 2a the necks are fully formed at
the hoop strain eav = 0.160 and Fig. 2b and c illustrates how neck propagation occurs as the pressure and the
average hoop strain increase. Neck propagation occurs at all three points where the onset of necking initiated
due to the chosen initial imperfection. In earlier studies for metal rings under rapid expansion (Han and Tverg-
aard, 1995; Sørensen and Freund, 2000) a larger number of necks were found and necks also developed at
points where there was no initial thickness inhomogeneity. For metals deformation localizes in the necks.
On the other hand, here necking initially reduces the thickness somewhat, but subsequently the necks prop-
agate along the circumference of the tube. Neck propagation is a characteristic behavior for polymers as
observed in tension.
The diﬀerence between three ﬁnite element mesh reﬁnements is shown in Fig. 3. Fig. 3a shows curves of
applied pressure, p, normalized by the initial hardness s0, versus the change in tube volume, DV, normalized
by the initial volume inside the tube V0; Fig. 3b shows the evolution of the normalized thickness, h/h0 at 0 and
90 versus the average hoop strain, eav, deﬁned by Eq. (7); and Fig. 3c shows curves of the average hoop strain
rate _eav versus the normalized volume change DV/V0. The crudest mesh consists of one element through the
thickness and 80 elements along the circumference and the intermediate mesh (which is the mesh used for theθ
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Fig. 2. Contours of eﬀective plastic strain cp in the deformed conﬁguration for a thin walled tube with h0 = 0.002 m and h0/R0 = 0.0392
and with an imperfection having n = 5 and n5 = 0.001. Only the segment analyzed numerically is shown and h increases from 0 to 90 in
the direction shown. The applied pressure rate is _p ¼ 411:7 MPa=s. There are two elements through the thickness and 160 along the
circumference. The average logarithmic hoop strain, eav, is: (a) eav = 0.160, (b) eav = 0.194, (c) eav = 0.286.
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Fig. 3. The response of a thin walled tube with h0 = 0.002 m, h0/R0 = 0.0392, n = 5, n5 = 0.001, and _p ¼ 411:7 MPa/s using various ﬁnite
element discretizations. (a) Normalized applied pressure, p/s0, versus the normalized interior volume change of the tube, DV/V0. (b)
Thickness changes at 0 and at 90 versus average hoop strain eav, see Eq. (7). (c) Average hoop strain rate, _eav versus the normalized
interior volume change of the tube, DV/V0.
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ﬁnest mesh consists of four elements through the thickness and 320 elements along the circumference. The
pressure versus volume change response in Fig. 3a is unaﬀected by the mesh reﬁnement and the same is true
for the strain rate versus volume change relation in Fig. 3c. The thickness change in Fig. 3b is slightly inﬂu-
enced by the degree of mesh reﬁnement as the neck propagates, especially at the 90 position where there is a
neck. Since the diﬀerence in results for the 2 · 160 ﬁnite element mesh and the 4 · 320 ﬁnite element mesh is
small, we conclude that the 2 · 160 ﬁnite element mesh is suﬃcient to give accurate results. This discretization
will be used for the thin walled tubes in the calculations reported subsequently.
The curves in Fig. 3 pertain to the case for which contour plots are shown in Fig. 2. In Fig. 3a the pressure
ﬁrst increases linearly with the volume expansion in the elastic range, but then in the plastic range the volume
grows very rapidly so that the pressure appears to be nearly constant even though it is increasing linearly with
time at the speciﬁed rate _p ¼ 411:7 MPa=s. Fig. 3b shows the rapid decrease in wall thickness associated with
neck development at 90 whereas at 0, where no neck develops, there is only some decrease in thickness aris-
ing from the Poisson eﬀect. The value of the wall thickness, h, oscillates somewhat after the onset of neck
propagation. The variation of the average hoop strain rate _eav with the normalized change in volume DV/
V0 is shown in Fig. 3c.
Fig. 4 shows the eﬀect of the prescribed pressure rate, _p, for the response of the thin walled tube (h0 = 0.002 m)
with n = 5 and n5 = 0.001 (see Eq. (6)) also shown in Figs. 2 and 3. In Fig. 4a the tube expansion in the plastic
range still occurs at an almost constant pressure starting fromwhen necking initiates, with the pressure level high-
est for the greatest pressure rate _p ¼ 4117 MPa=s and lowest for the smallest pressure rate _p ¼ 41:17 MPa=s. The
average hoop strain rate, _eav, increaseswith increasing applied pressure rate _p, see Fig. 4c. Fig. 4b shows that at 0,
where no neck is present, the thickness decreases until necks start to develop at other locations along the circum-
ference. This leads to a brief thickness increase at 0, but subsequently the thickness remains rather constant there
with small oscillations that decay as the necks propagate. The brief increase of wall thickness at 0 occurs as a
consequence of neck development elsewhere along the tube circumference. At 90, where a neck is present,
the bump on the curve for the lowest pressure rate _p ¼ 41:17 MPa=s is associated with a dominating neck devel-
oping next to the neck at 90. For _p ¼ 41:17 MPa=s the neck next to the 90 neck ismore dominant than the other
two necks in the segment analyzed even though the thickness imperfectionmagnitude is the same at all three loca-
tions. For _p ¼ 411:7 MPa=s the neck next to that at 90 is still slightly more dominant (this can be seen in Fig. 2a
and b). With _p ¼ 4117 MPa=s the necks are of almost equal size.
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Fig. 4. The response of a thin walled tube with h0 = 0.002 m, h0/R0 = 0.0392, n = 5, and n5 = 0.001 subject to various pressure rates. (a)
Normalized applied pressure, p/s0, versus the normalized interior volume change of the tube, DV/V0. (b) Thickness changes at 0 and at
90 versus average hoop strain eav, see Eq. (7). (c) Average hoop strain rate, _eav versus the normalized interior volume change of the tube,
DV/V0.
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iﬁed by n = 1 and n1 = 0.001, which gives rise to only one thinner point at 90. As in Figs. 2–4 the applied pres-
sure rate is _p ¼ 411:7 MPa=s. The necking in Fig. 5 is almost invisible in contrast to the earlier situation in Fig. 2
where three initial thin points lead to a clearly visible necking pattern. In Fig. 6 the inﬂuence of the applied
pressure rate is illustrated for the tube shown in Fig. 5. Fig. 6b shows that the extent of necking is strongly strain
rate dependent in this case. For the lowest pressure rate, _p ¼ 41:17 MPa=s, the lower curve showing the thick-
ness change at 90 looks similar to the necking curve in Fig. 4. However, the upper curve in Fig. 6b, showing the
evolution of the thickness at 0, shows that the thickness at 0 also decays after the onset of necking. For
_p ¼ 411:7 MPa=s and _p ¼ 41:17 MPa=s the diﬀerence between the rate of thinning at 0 and at 90 is smaller.
Indeed, for the highest pressure rate _p ¼ 4117 MPa=s there is little diﬀerence between the rate of thinning of
these two points. Previous results for the necking of metal rings during rapid extension (Sørensen and Freund,
2000; Tu˘gcu, 1996) show that necks develop at several locations in a short wavelength mode, whereas a situa-
tion with few necks is not found. The results here indicate that polymer tubes may also prefer to neck at several
locations in a short wavelength mode when a dynamically increasing internal pressure is applied. This possibil-
ity is investigated in the next example where a shorter wavelength imperfection is speciﬁed.
In Fig. 7 the initial imperfection is speciﬁed by n = 9 and n9 = 0.001. The contours of plastic strain, c
p, as well
as the neck propagation during the expansion of the thin walled tube is illustrated for the prescribed pressure
rate _p ¼ 411:7 MPa=s. As for the imperfection with n = 5 and n5 = 0.001 a well developed necking pattern
appears. Fig. 8b shows that the degree of short wavelength necking at the initial thin points is rather rate inde-
pendent, which supports the idea that also polymer tubes are more likely to follow a short wavelength necking
pattern, as has been found for metal tubes. From Fig. 8b it is noticed that for _p ¼ 41:17 MPa=s there is a bump
on the curve describing the thickness decrease at 90 as was also found with n = 5 and n5 = 0.001 in Fig. 4. Also
here the bump emerges due to the fact that a more dominant neck has developed in another location along the
circumference. The thickness at 0, where there is no neck, oscillates a little bit after necking has initiated and
propagated at other locations, but otherwise stays constant as was also found for n = 5 and n5 = 0.001 in Fig. 4.
The situation considered in Fig. 9 is identical to that in Figs. 2 and 3, but the pressure loading is continued
for a longer time so that a much larger volume expansion and a larger hoop strain are achieved. After the
necks have propagated throughout the entire tube the stretching grows so large that increased network stiﬀ-
ness eﬀectively suppresses further plastic ﬂow. A cut-oﬀ value of r = 0.93 is implemented, as described in Sec-
tion 2, so that afterwards the instantaneous response is fully elastic. Due to this network hardening eﬀect
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Fig. 5. Contours of eﬀective plastic strain cp in the deformed conﬁguration for a thin walled tube with h0 = 0.002 m and h0/R0 = 0.0392
and with an imperfection having n = 1 and n1 = 0.001. Only the segment analyzed numerically is shown and h increases from 0 to 90 in
the direction shown. The applied pressure rate is _p ¼ 411:7 MPa=s. There are two elements through the thickness and 160 along the
circumference. The average logarithmic hoop strain, eav, is: (a) eav = 0.449, (b) eav = 0.505, (c) eav = 0.624.
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Fig. 6. The response of a thin walled tube with h0 = 0.002 m, h0/R0 = 0.0392, n = 1, and n1 = 0.001 subject to various pressure rates. (a)
Normalized applied pressure, p/s0, versus the normalized interior volume change of the tube, DV/V0. (b) Thickness changes at 0 and at
90 versus average hoop strain eav, see Eq. (7). (c) Average hoop strain rate, _eav versus the normalized interior volume change of the tube,
DV/V0.
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in Fig. 9a and a dynamic mode is taking over causing elastic vibrations in the volume change and in the hoop
strain as the pressure grows. This is also observed from Fig. 9b where the wall thickness h at 0 suddenly
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Fig. 7. Contours of eﬀective plastic strain cp in the deformed conﬁguration for a thin walled tube with h0 = 0.002 m and h0/R0 = 0.0392
and with an imperfection having n = 9 and n9 = 0.001. Only the segment analyzed numerically is shown and h increases from 0 to 90 in
the direction shown. The applied pressure rate is _p ¼ 411:7 MPa=s. There are two elements through the thickness and 160 along the
circumference. The average logarithmic hoop strain, eav, is: (a) eav = 0.180, (b) eav = 0.330, (c) eav = 0.588.
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Fig. 8. The response of a thin walled tube with h0 = 0.002 m, h0/R0 = 0.0392, n = 9, and n9 = 0.001 subject to various pressure rates. (a)
Normalized applied pressure, p/s0, versus the normalized interior volume change of the tube, DV/V0. (b) Thickness changes at 0 and at
90 versus average hoop strain eav, see Eq. (7). (c) Average hoop strain rate, _eav versus the normalized interior volume change of the tube,
DV/V0.
588 B. Lindgreen et al. / International Journal of Solids and Structures 45 (2008) 580–592decreases to the wall thickness at 90 as the neck propagation reaches the 0 point and the hardening results in
vibrations. Also Fig. 9c illustrates the dynamic mode of oscillating average strain rate initiated as the network
hardening takes over. The vibration frequency in Fig. 9c depends on the hardening behavior of the material.
Since the cut-oﬀ changes the hardening from elastic–plastic to purely elastic the frequency in Fig. 9c is not
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Fig. 9. The response of a thin walled tube with h0 = 0.002 m, h0/R0 = 0.0392, n = 5, n5 = 0.001, and _p ¼ 411:7. (a) Normalized applied
pressure, p/s0, versus the normalized interior volume change of the tube, DV/V0. (b) Thickness changes at 0 and at 90 versus average
hoop strain eav, see Eq. (7). (c) Average hoop strain rate, _eav versus the normalized interior volume change of the tube, DV/V0.
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polymer.
A thick walled tube is analyzed with thickness h0 = 0.01 m and h0/R0 = 0.182. The applied pressure rate is
_p ¼ 823:4 MPa=s and the thickness imperfection is speciﬁed by n = 1 with the amplitude n1 = 0.01. Contours
of plastic strain, cp, as well as the neck propagation are shown in Fig. 10. The necking shown is clearly visible0.9
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0.05
γ p
θ
Fig. 10. Contours of eﬀective plastic strain cp in the deformed conﬁguration for a thick walled tube with h0 = 0.01 m and h0/R0 = 0.182
and with an imperfection having n = 1 and n1 = 0.01. Only the segment analyzed numerically is shown and h increases from 0 to 90 in the
direction shown. The applied pressure rate is _p ¼ 823:4 MPa=s. There are six elements through the thickness and 120 along the
circumference. The average logarithmic hoop strain, eav, is: (a) eav = 0.133, (b) eav = 0.178, (c) eav = 0.271.
590 B. Lindgreen et al. / International Journal of Solids and Structures 45 (2008) 580–592compared to earlier cases where thin walled tubes were considered. Especially in the case of the corresponding
imperfection with n = 1 the thin walled tube in Fig. 5 did not show a well developed short wave length neck-
ing, even when the pressure was applied slowly. The well developed necking pattern with the initial necking
followed by neck propagation is illustrated in Fig. 11b. A bump on the curve for 0 occurs where neck prop-
agation initiates. As observed in the earlier cases, the pressure in Fig. 11a increases linearly with respect to0 0.2 0.4 0.6 0.8
0
0.05
0.1
0.15
0.2
0.25
ΔV/V0
p/
s 0
0 0.1 0.2 0.3 0.4
0.5
0.55
0.6
0.65
0.7
0.75
0.8
0.85
0.9
0.95
1
h/
h 0
0 0.2 0.4 0.6 0.8
0
100
200
300
400
500
600
700
800
900
ΔV/V0
θ = 0°
θ = 90°
Fig. 11. The response of a thick walled tube with h0 = 0.01 m, h0/R0 = 0.182, n = 1, n1 = 0.01, and _p ¼ 823:4. (a) Normalized applied
pressure, p/s0, versus the normalized interior volume change of the tube, DV/V0. (b) Thickness changes at 0 and at 90 versus average
hoop strain eav, see Eq. (7). (c) Average hoop strain rate, _eav versus the normalized interior volume change of the tube, DV/V0.
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Fig. 12. Contours of eﬀective plastic strain cp in the deformed conﬁguration for a thick walled tube with h0 = 0.01 m and h0/R0 = 0.182
and with an imperfection having n = 5 and n5 = 0.01. Only the segment analyzed numerically is shown and h increases from 0 to 90 in the
direction shown. The applied pressure rate is _p ¼ 823:4 MPa=s. There are six elements through the thickness and 120 along the
circumference. The average logarithmic hoop strain, eav, is: (a) eav = 0.224, (b) eav = 0.335, (c) eav = 0.558.
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Fig. 13. The response of a thick walled tube with h0 = 0.01 m, h0/R0 = 0.182, n = 5, n5 = 0.01, and _p ¼ 823:4. (a) Normalized applied
pressure, p/s0, versus the normalized interior volume change of the tube, DV/V0. (b) Thickness changes at 0 and at 90 versus average
hoop strain eav, see Eq. (7). (c) Average hoop strain rate, _eav versus the normalized interior volume change of the tube, DV/V0.
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though it still increases linearly with time. This is emphasized in Fig. 11c where the circumferential strain rate
_eav increases rapidly when the rapid expansion occurs in Fig. 11a.
Fig. 12 shows contours of plastic strain for a tube identical to that in Figs. 10 and 11, but with an imper-
fection deﬁned by n = 5 and n5 = 0.01. As for the imperfection n1 = 0.01 a clearly developed necking pattern
emerges. Fig. 13 shows no large deviation compared to the earlier studies, but the thickness at 0 stays nearly
constant in Fig. 13b after the onset of necking, while that in Fig. 11b decays a little, thus retaining some trace
of the diﬀerence between Figs. 4b and 6b.4. Discussion
For metal rings under rapid radial expansion both experiments (Niordson, 1965; Zhang and Ravi-Chandar,
2006) and analyses (Han and Tvergaard, 1995; Sørensen and Freund, 2000) have shown a tendency to form
many necks along the circumference so that ﬁnally the rings will burst into many small pieces. The metal ring
analyses have shown that the occurrence of these many necks does not require an initial imperfection with a
corresponding short wave pattern. Thus, for the metal rings a characteristic neck spacing tends to develop,
rather independent of the wave length of the initial imperfection. The many neck mode is promoted by the
fact that closely spaced necks avoid large accelerations in the circumferential direction during the rapid ring
expansion.
Also the present analyses of polymer rings under rapid expansion due to an internal pressure show the
occurrence of many necks along the circumference, but in the cases analyzed the necks have only been found
at points where the initial imperfection had a thin point. In the metal rings the close spacing between necks is
determined during the early stage of necking, and thus does not depend on the ﬁnal failure process in the metal
rings. Therefore, the diﬀerent behavior of the polymers is expected to depend mainly on the shape of the stress
strain curve in uniaxial tension, where necking initiates at a sharp stress peak after which signiﬁcant material
softening takes place. Apparently, this softening behavior locks the position of the necks and it seems less easy
for the material to form additional necks once some points have passed the sharp stress peak. However, for the
thin walled tube the results for one, three or ﬁve necks on one quarter of the tube clearly show that the higher
number of necks would develop more rapidly if allowed for by the initial imperfection. This is particularly
clear for the highest rate of loading considered. The results for a more thick walled tube in Figs. 10–13 show
592 B. Lindgreen et al. / International Journal of Solids and Structures 45 (2008) 580–592less dependence on the number of necks around the circumference, but still the tube with only one neck in the
region analyzed shows some trace of the behavior found for the corresponding thin walled tube.
The phenomenon of neck propagation gives a major diﬀerence between the polymer tubes analyzed here
and the metal rings considered in earlier papers. Just after the onset of necking tube contours of plastic strain
such as those in Fig. 7a are very similar to results found for metal tubes, but then neck propagation evolves in
the polymer tubes, whereas the localized necks in metal rings continue thinning, leading to ring fragmentation.
The cause of the neck propagation is that strongly increased network stiﬀness occurs in the polymer when the
stretch approaches a material dependent limit stretch, and therefore the material in the thinner parts of the
ring, inside the propagating necks, have reached a high stiﬀness. Ultimately, in the polymer tube, the necks
will have propagated all over the tube wall, as illustrated in Fig. 9, and subsequently the network stiﬀness
grows very large with little extra straining so that the tube expansion stops, being replaced by an elastic vibra-
tion mode. The ﬁnal fracture of the polymer tubes is not modeled in the present analyses.
It should be noted that the polycarbonate experiments of Mulliken and Boyce (2006) were carried out in
compression. Under tensile load polycarbonate tends to fail before large plastic strains have occurred (e.g.,
see Gearing and Anand, 2004). Therefore, the present studies of necking in an inﬂated ring focus generally
on the implications of a polymer-like increasing–decreasing–increasing stress–strain response rather than on
the response of a particular polycarbonate.
The assumption of an internal pressure increasing linearly with time is special and may not be easy to real-
ize in practice. But it is expected that this type of loading and the comparison of diﬀerent loading rates does
give a good parametric understanding of the behavior of ductile polymer tubes under rapid expansion.
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